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The quantum Crame´r-Rao bound (QCRB) provides an ultimate precision limit allowed by quan-
tum mechanics in parameter estimation. Given any quantum state dependent on a single parameter,
there is always a positive-operator valued measurement (POVM) saturating the QCRB. However,
the QCRB-saturating POVM cannot always be implemented efficiently, especially in multipartite
systems. In this paper, we show that the POVM based on local operations and classical communi-
cation (LOCC) is QCRB-saturating for arbitrary pure states or rank-two mixed states with varying
probability distributions over fixed eigenbasis. We also analyze the robustness of our LOCC protocol
against noise and show how it can be made noise-resilient. Specially, for bipartite pure states we
show that local measurements are QCRB-saturating with no need of classical communication (CC),
while for generic multipartite pure states, CC is necessary.
I. INTRODUCTION
Quantum metrology [1–6] is the study of designing
high-precision quantum sensors to estimate physical pa-
rameters in quantum systems. It focuses on the ulti-
mate precision achievable in parameter estimation, al-
lowed by the theory of quantum mechanics. It has wide
applications ranging from frequency spectroscopy and
clocks [7–14] to gravitational-wave detectors and interfer-
ometry [15–18]. Lying in the center of quantum metrol-
ogy is the quantum Crame´r-Rao bound (QCRB) [19–22],
which provides a lower bound of parameter estimation
error:
δθ ≥ 1√
NJ(ρθ)
, (1)
where θ is the parameter to be estimated, e.g. mag-
netic field frequency, δθ is the standard deviation of the
θ-estimator, ρθ is the density matrix describing the quan-
tum sensor as a function of θ, and N is the number of
repeated experiments. J(ρθ) is the so-called quantum
Fisher information (QFI) [19–22] quantifying the sensi-
tivity of a quantum sensor.
QFI can be viewed as the maximum Fisher informa-
tion (FI) among all possible POVMs, where FI is the
classical version of QFI as a measure of sensitivity [23–
25]. It is a function of the probability distribution of
measurement results. In a quantum system, the proba-
bility distribution is provided by Px(θ) = Tr(ρθEx) with
measurement operators {Ex}. To saturate the QCRB,
one first performs the optimal POVM maximizing the
FI [22], and then chooses suitable classical estimators,
e.g. the maximum likelihood estimator which asymptot-
ically (N  1) saturates the QCRB [24–28]. We here
assume application of the maximum likelihood estima-
tor and only focus on identifying the optimal POVM
in the first step. If the problem was approached us-
ing a Bayesian approach, under quite general conditions,
the QFI remains a reliable figure of merit [25, 29–31].
It is known that rank-one projection onto the eigen-
states of the symmetric logarithmic derivative operator
(SLD) saturates the QCRB [22]. However, in general,
the eigenstates of SLD could be highly-entangled states
over subsystems, and the optimal projective measure-
ment requires global measurements (GM) (Fig. 1a) that
might be challenging to implement experimentally [32].
Note that to achieve the ultimate precision in quantum
metrology, global operations are usually also required in
state preparation. However, its difficulty could in prin-
ciple be overcome by discarding the failed preparations
until success. Therefore, we only focus on simplifications
of quantum measurements on the final states.
FIG. 1. Schematics of measurement protocols in quantum
metrology. Here, LM ⊆ LOCC ⊆ GM. (a) Global mea-
surements (GM). (b) Local measurements (LM). (c) Local
operations and classical communication (LOCC). Blue lines
represent classical data flows. The state preparation and the
probing processes are not shown because they can be as gen-
eral as possible.
Local measurements (LM) (Fig. 1b), performed sep-
arately on each subsystem, were shown to saturate the
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2QCRB in many cases [1, 33–35]. For example, it is proven
in Ref. [1] that for GHZ-type states evolving under local
Hamiltonians with identical terms, LM can saturate the
QCRB. However, by counting the number of degrees of
freedom in LM and the QCRB-saturating condition, one
can show that LM, in general, is not sufficient to sat-
urate the QCRB in multipartite systems (see Appx. G
for proof). Compared to LM, local operations and clas-
sical communication (LOCC) (Fig. 1c) is a larger class
of measurements which allows classical communication
of measurement results so that the measurement basis
performed on one subsystem could be determined by the
measurement results from others [36–40], which has been
demonstrated in many experimental platforms compat-
ible with local measurement and adaptive control [41–
44]. It is a restricted class of quantum operations [45–
47] that cannot generate entanglement between subsys-
tems. For example, it cannot fully distinguish the four
Bell states [48]. Nevertheless, LOCC can distinguish any
two orthogonal quantum states [49] and, in particular,
tell the quantum state itself from the state it evolves
into, making it a potential candidate to saturate the
QCRB. The power of LOCC protocols in achieving op-
timal performance has also been demonstrated in other
contexts [50–53].
In this paper, we prove that LOCC is QCRB-
saturating for a broad range of situations where we es-
timate θ using (i) arbitrary pure states ρθ = |ψθ〉 〈ψθ|,
and (ii) rank-two mixed states ρθ = pθ |ψ0〉 〈ψ0| + (1 −
pθ) |ψ1〉 〈ψ1|, where |ψ0,1〉 are fixed basis independent of
θ. In the following, we first review the necessary and
sufficient condition for QCRB-saturating measurements.
Then we prove the existence of QCRB-saturating LOCC
for situations (i) and (ii). We also show that it is noise-
resilient under reasonable assumptions. Finally, we show
that LM is always QCRB-saturating for bipartite pure
states, while not QCRB-saturating for generic n-partite
pure states when n is sufficiently large.
II. QCRB-SATURATING POVM
To quantify the distinguishability of two neighboring
probability distributions, the FI is defined by
F ({Px(θ)}) =
∑
x
1
Px(θ)
(∂Px(θ)
∂θ
)2
, (2)
where x is the label of measurement results, Px(θ) is the
probability of obtaining x when the parameter is equal
to θ, satisfying Px(θ) ≥ 0 and
∑
x Px(θ) = 1. For a
quantum state ρθ, Px(θ) = Tr(ρθEx) for a POVM de-
scribed by a set of non-negative operators {Ex} satisfy-
ing
∑
xEx = I, and the FI
F ({Px(θ)}) ≤ Tr(ρθL2θ) = J(ρθ). (3)
Here, Lθ is the SLD, a Hermitian matrix defined by
∂θρθ =
1
2 (Lθρθ + ρθLθ). The FI is equal to the QFI
J(ρθ) if and only if,
E1/2x ρ
1/2
θ = λxE
1/2
x Lθρ
1/2
θ , ∀x, (4)
for some real λx [22]. Further simplification of Eq. (4)
leads to (see Appx. A)
〈E(k)x |Mij |E(`)x 〉 = 0, ∀i, j, k, `, x, (5)
where {|E(k)x 〉} is a basis of the support of Ex (the or-
thogonal complement of the kernel of Ex), and
Mij = |ψθ,i〉 〈ψθ,j |Lθ − Lθ |ψθ,i〉 〈ψθ,j | , (6)
using the diagonalization of the density matrix ρθ =∑
k pθ,k |ψθ,k〉 〈ψθ,k| (pθ,k > 0).
Therefore, we call any POVM {Ex} which satisfies
the necessary and sufficient condition Eq. (5) QCRB-
saturating. For example, rank-one projection onto the
eigenstates of Lθ is QCRB-saturating. Note that we al-
low {Ex} dependent on the value of θ because we only
consider high-precision sensing and the adaptive mea-
surement would not affect asymptotical scaling of the
QCRB [26, 54].
As an example, we consider sensing with n-partite
GHZ states
|ψθ〉 = 1√
2
(|0⊗n〉+ einθ |1⊗n〉) , (7)
which can be viewed as the evolution of |ψin〉 =
1√
2
(|0⊗n〉+ |1⊗n〉) under the Hamiltonian H =
θ
2
∑n
i=1 σ
z,i after unit time, where σz,i is the Pauli-Z ma-
trix acting on the i-th qubit. The corresponding SLD is
Lθ = n(ie
inθ |1⊗n〉 〈0⊗n| − ie−inθ |0⊗n〉 〈1⊗n|), (8)
whose eigenstates 1√
2
(|0⊗n〉 ± ieinθ |1⊗n〉) are maxi-
mally entangled. Saturating the QCRB using projec-
tive measurements onto these states requires coupling
gates between subsystems and might be challenging for
practical experimental implementations. Alternatively,
it is well known that projection onto |±〉 = 1√
2
(|0〉± |1〉)
of individual qubits is also QCRB-saturating [1]. How-
ever, the systematic approach to identify such type
of experimental-friendly QCRB-saturating POVM have
never been discussed before.
III. LOCC PROTOCOL
For arbitrary quantum states, LOCC is not suffcient
to saturate the QCRB. Consider the following two-qubit
quantum state
ρθ = θρ1 + (1− θ)ρ2, (9)
where
ρ1 =
2
3
|β1〉 〈β1|+ 1
3
|β2〉 〈β2| , (10)
ρ2 =
1
3
|β1〉 〈β1|+ 2
3
|β3〉 〈β3| , (11)
3where {|βi〉}i=1,2,3,4 are the Bell states (we don’t care
about the order of the labels). The SLD operator is
Lθ =
1
1 + θ
|β1〉 〈β1|+ 1
θ
|β2〉 〈β2|+ −1
(1− θ) |β3〉 〈β3| ,
(12)
whose coefficients of |βi〉 〈βi| are all different. Therefore
{Mij} in Eq. (5) contains terms proportional to |βi〉 〈βj |
for all i 6= j. If there is an LOCC such that Eq. (5) is
satisfied, then
E1/2x |βi〉 〈βj |E1/2x = 0, ∀i, j, x, (13)
contradicting the fact that the four Bell states cannot be
distinguished from each other using LOCC [48]. There-
fore, LOCC cannot saturate the QCRB for ρθ.
Now we consider LOCC as potential candidates to sat-
urate the QCRB for the following two types of quan-
tum states: (i) arbitrary pure states ρθ = |ψθ〉 〈ψθ|,
which is one of the most commonly used states in quan-
tum metrology [1, 2]; and (ii) rank-two mixed states
ρθ = pθ |ψ0〉 〈ψ0| + (1 − pθ) |ψ1〉 〈ψ1|, where |ψ0,1〉 are
independent of θ, which might find applications in quan-
tum thermometry [55–57]. These states only have one
distinct M in Eq. (5). For case (i), Eq. (5) becomes
〈E(k)x |M |E(`)x 〉 = 0, ∀k, `, x, (14)
where
M = |ψθ〉 〈ψ⊥θ | − |ψ⊥θ 〉 〈ψθ| (15)
is a traceless anti-Hermitian matrix, where we define
|ψ⊥θ 〉 = (1− |ψθ〉 〈ψθ|) |∂θψ〉. For case (ii), we have M =|ψ0〉 〈ψ1|. In particular, for projective measurements
where Ex = |Ex〉 〈Ex|, Eq. (5) becomes 〈Ex|M |Ex〉 = 0,
∀x (see Appx. A).
The QCRB is saturable for arbitrary n when one-way
classical communication is allowed, where the measure-
ment result of subsystem sk is classically communicated
to sk+1, . . . , sn to assist the choice of their measurement
basis. The corresponding POVM (Fig. 1c) is
Ex1,...,xn = E
s1
x1 ⊗ Es2x1,x2 ⊗ · · · ⊗ Esnx1,...,xn , (16)
where Eskx1,··· ,xk are non-negative operators in subsystem
sk satisfying
∑
xk
Eskx1,··· ,xk = I
sk . The procedure to
construct a QCRB-saturating projective LOCC, where
Eskx1,...,xk = |Eskx1,...,xk〉 〈Eskx1,...,xk |, with the structure in
Eq. (16) can be summarized as follows:
(1) Calculate Ms1 = Trs2···sn(M) by tracing out subsys-
tems {s2, . . . , sn} in matrix M ;
(2) Find an orthonormal basis |Es1x1〉 in s1 such that〈Es1x1 |Ms1 |Es1x1〉 = 0;
(3) Calculate Ms2x1 = Trs3···sn(〈Es1x1 |M |Es1x1〉);
(4) Find an orthonormal basis |Es2x1,x2〉 in s2 such that〈Es2x1,x2 |Ms2x1 |Es2x1,x2〉 = 0;
(5) Repeat steps (3)-(4) for subsystems s3,. . . ,sn.
In steps (2) and (4), we use the following lemma:
Lemma 1. Any finite-dimensional complex traceless
matrix M can be zero-diagonalized by an orthonor-
mal basis {|ui〉}, where “zero-diagonalization” means
〈ui|M |ui〉 = 0 for all i.
A constructive proof can be found in Appx. B. Our
construction is mathematically reminiscent of the one
provided in Ref. [49] where LOCC is used to distin-
guish two multipartite orthogonal quantum states, but
our construction does not require extending the dimen-
sion of each subsystem to be a power of two. In
fact, parameter estimation is closely related to state
discrimination. Projective measurements {|Ex〉 〈Ex|}
distinguishs two orthogonal quantum states |ψ0,1〉 as
long as 〈Ex|ψ0〉 〈ψ1|Ex〉 = 0 Appx. D. It is then clear
that a measurement distinguishing an orthonormal ba-
sis {|ψk〉} is also QCRB-saturating when estimating θ in
the probability coefficients for any mixed quantum states∑
k pθ,k |ψk〉 〈ψk|.
In Appx. F, we provide an example of a four-qubit sys-
tem with a nearest neighbour interaction Hamiltonian,
where the parameter to estimated is the strength of the
Hamiltonian. We use the algorithm described above to
calculate the LOCC measurement basis and plot them in
the Bloch spheres.
IV. NOISE RESILIENCE OF LOCC
QCRB plays an important role when we are dealing
with high-precision parameter estimation, that is, when
the parameter to be estimated is roughly predetermined.
This type of high-precision sensing could be extremely
susceptible to noise. For example, consider a pure state
|ψθ〉 = 1√2 (|0〉 + eiθ |1〉). One way to estimate θ is to
project |ψθ〉 onto |±〉 = 1√2 (|0〉 ± |1〉). One can verify
that
F ({P±(θ)}) = J(|ψθ〉) = 1. (17)
However, consider the following quantum state ρθ =
(1− ) |ψθ〉 〈ψθ|+ σz |ψθ〉 〈ψθ|σz under dephasing noise,
where 0 <  < 1. Even though the QFI J(ρθ) = (1−2)2
is still around 1 for small noise, the FI with respect to
projective measurement onto |±〉 is
F ({P±(θ)}) = (1− 2)
2 sin2 θ
1− (1− 2) cos2 θ , (18)
which vanishes around θ = 0. That means when θ is
small, the estimation error will significantly increase if
we still use |±〉 as our measurement basis. To main-
tain a high FI, one can, for example, project ρθ onto
|±′〉 = 1√
2
(|0〉 ± ieiθ |1〉), which is an adaptive measure-
ment scheme dependent on the value of θ. One can verify
that in this way, F ({P±′(θ)}) = 1 − O(). We call this
4type of measurement noise-resilient (to the first order of
). It is worth mentioning that when sensing the phase
in a GHZ state (Eq. (7)), projection onto |±〉 on each
qubit is not noise-resilient against dephasing noise. It
is therefore important to find out whether the LOCC
constructed by the procedure above could also be highly
susceptible to noise.
Now we analyze our LOCC protocol under influence
of noise. Consider a noisy quantum state ρθ = (1 −
)ρθ + σθ, where   1 and σθ is determined by the
noisy channel. For case (i) where ρθ is pure, we show in
Appx. E that to obtain a noise-resilient LOCC protocol,
we simply need to add one more constraint
〈Ex|(ρθ − σθ)|Ex〉 = 0, ∀x, (19)
which can be simultaneously satisfied with Eq. (14).
Then we have
J(|ψθ〉)− F ({Px(θ)})
J(|ψθ〉) ≤ O
(
 ·max
{
1,
√
J(σθ)
J(|ψθ〉)
})
.
(20)
where Px(θ) = Tr(ρ

θEx) and Ex is the LOCC by our con-
struction. Hence, our LOCC protocol is noise-resilient
(with bounded J(σθ)) within realistic experimental se-
tups. Note that to implement constraint Eq. (19), one
needs to correctly model the dominant noise source of
the sensor beforehand to obtain σθ.
For case (ii) where ρθ = pθ |ψ0〉 〈ψ0|+(1−pθ) |ψ1〉 〈ψ1|,
we show in Appx. E that
J(ρθ)− F ({Px(θ)})
J(ρθ)
≤
O( ·max
{1− pθ
pθ
,
pθ
1− pθ
}
) +O
(√
 ·
√
J(σθ)
J(|ψθ〉)
)
.
(21)
which applies to any QCRB-saturating projective mea-
surement, not restricted to our LOCC protocol. The
measurement is noise-resilient (with bounded J(σθ))
when pθ is not too small or too large. It means the state
should not be too close to either |ψ0〉 or |ψ1〉 such that the
other component becomes indistinguishable from noise.
V. LOCAL MEASUREMENTS
LM in a n-partite system {s1, . . . , sn} (Fig. 1b) has the
following structure
Ex1,...,xn = E
s1
x1 ⊗ Es2x2 ⊗ · · · ⊗ Esnxn , (22)
where xk is the k-th measurement result and {Eskxk} is
a POVM in subsystem sk. One may wonder whether
LM would be sufficient to saturate the QCRB, as for
GHZ states. It is not possible in general for sufficiently
large n, because the number of the degrees of freedom in
LM grows linearly as the number of qubits increases but
that in the quantum states grows exponentially (see the
detailed proof in Appx. G).
For bipartite pure states, however, the argument above
does not hold. Here we demonstrate that LM is always
QCRB-saturating for bipartite pure states with a con-
structive proof. Consider |ψθ〉 in a bipartite system. Let
|ψθ〉 =
∑
ij
Aij |i〉 |j〉 , |ψ⊥θ 〉 =
∑
ij
Bij |i〉 |j〉 , (23)
where the orthogonality implies Tr(A†B) = 0. Suppose
the projective measurement {|Es1k 〉 〈Es1k | ⊗ |Es2` 〉 〈Es2` |}
is QCRB-saturating. It is easy to verify that Eq. (14) is
equivalent to
CijD
∗
ij = C
∗
ijDij , for all i, j, (24)
where C = U†AV , D = U†BV , U =
∑
k |Es1k 〉 〈k|, V =∑
` |Es2` 〉 〈`| and · means complex conjugate. It remains
to be proven that
Lemma 2. For all A,B ∈ Cd1×d2 satisfying Tr(A†B) =
0, there are unitaries U and V such that C = U†AV ,
D = U†BV satisfying CijD∗ij = C
∗
ijDij for all i, j.
Assuming d1 ≥ d2, the lemma could be proven by first
choosing V such that
〈Es2i | (B†A−A†B) |Es2i 〉 = 0, ∀i, (25)
using Lemma 1. Then we find U such that
Im[〈Es1j |B |Es2i 〉 〈Es2i |A† |Es1j 〉] = 0, ∀i, j, (26)
which is possible using the fact that matrices
B |Es2i 〉 〈Es2i |A† −A |Es2i 〉 〈Es2i |B† (27)
are rank-two for all i. A detailed proof could be found
in Appx. H. The fact that LM is QCRB-saturating for
arbitrary pure states makes parameter estimation dis-
tinct from state discrimination, because LM cannot dis-
tinguish two arbitrary orthogonal quantum states unam-
biguously, for example when
|ψ0〉 = 1√
2
(|00〉+|1+〉), |ψ1〉 = 1√
2
(|01〉+|1−〉). (28)
Finally, we list several situations where when centain
types of symmetry in the quantum system allows for the
existence of QCRB-saturating LM, even when n is large
(see Appx. I for extensions and detailed proofs):
(1) |ψθ〉 =
⊗n
k=1 |ψskθ 〉 is a product state.
(2) |ψθ〉 = e−ihθ |ψin〉 is a uniform superposition of two
separable eigenstates of the Hamiltonian H = θh.
(3) |ψθ〉 = e−ihθ |ψin〉 and there exists a Hermitian and
unitary operator S =
⊗n
k=1 S
sk such that
S |ψθ〉 = ± |ψθ〉 , and {S, h} = 0, (29)
where {·, ·} is the anti-commutator.
5(4) ρθ = pθ |ψ0〉 〈ψ0|+ (1−pθ) |ψ1〉 〈ψ1| and there exists
a Hermitian and unitary operator S =
⊗n
k=1 S
sk such
that
S |ψ0〉 = |ψ0〉 , and S |ψ1〉 = − |ψ1〉 , (30)
or the other way around.
VI. CONCLUSION AND OUTLOOK
We have investigated the QCRB-saturating measure-
ment to maximize the sensitivity of quantum sensors.
For arbitrary pure states or rank-two mixed states
with fixed eigenbasis, we have developed the QCRB-
saturating LOCC protocol, which is noise-resilient and
feasible with many physical platforms by local measure-
ment and adaptive control [41–44]. Our LOCC protocol
may have applications in extensive parameter estima-
tion and calibration scenarios, including criticality-based
quantum metrology [35, 58], quantum thermometry [55–
57] and various other cases in many body physics [59–61].
Our LOCC sensing protocol crucially relies on the fact
that two orthogonal states can be distinguished using
LOCC, so that it can be QCRB-saturating for pure states
or rank-two mixed states with fixed eigenbasis. In prac-
tice, the quantum states could suffer various decoher-
ences and our protocol might not be able to saturate the
QCRB for general mixed states or for multi-parameter
sensing [62–69]. To tackle the decoherence, we may
apply dynamical decoupling to suppress time-correlated
noises [70–72], or introduce quantum error correction to
restore unitary evolution in logical subspace even in the
presence of Markovian noises [73–78]. Therefore, it will
be intriguing to further investigate LOCC sensing proto-
col combined with quantum error correction.
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7Appendix A: The necessary and sufficient condition for QCRB-saturating POVM
The classical Fisher information F (ρθ) satisfies
F (ρθ) =
∑
x
(
Tr(Ex∂θρθ)
)2
Tr(Exρθ)
=
∑
x
(
Re[Tr(ExLθρθ)]
)2
Tr(Exρθ)
≤
∑
x
( |Tr(ExLθρθ)| )2
Tr(Exρθ)
≤
∑
x
Tr(ExLθρθLθ)
= Tr(L2θρθ) ≡ J(ρθ),
(A1)
where the first equality holds true when
Im[Tr(ExLθρθ)] = 0, for all x, (A2)
and the second equality holds true when
E1/2x ρ
1/2
θ = λxE
1/2
x Lθρ
1/2
θ , λx ∈ C, for all x, (A3)
based on the use of the Cauchy-Schwarz inequality.
For pure states,
Lθ = 2(|∂θψθ〉 〈ψθ|+ |ψθ〉 〈∂θψθ|), (A4)
J(ρθ) = 4 |〈∂θψθ|ψθ〉|2 . (A5)
and in general when ρθ =
∑
k pθ,k |ψθ,k〉 〈ψθ,k|,
Lθ =
∑
j,k
pθ,j+pθ,k 6=0
2
pθ,j + pθ,k
〈ψθ,j | ∂θρθ |ψθ,k〉 |ψθ,j〉 〈ψθ,k| , (A6)
J(ρθ) =
∑
j,k
pθ,j+pθ,k 6=0
2
pθ,j + pθ,k
|〈ψθ,j | ∂θρθ |ψθ,k〉|2 . (A7)
Combining Eq. (A2) and Eq. (A3), we get
E1/2x ρ
1/2
θ = λxE
1/2
x Lθρ
1/2
θ , λx ∈ R, for all x. (A8)
Note that when λx = 0, i.e. E
1/2
x ρ
1/2
θ = 0, we must make sure Eq. (A2) holds true to up to the first order of dθ in
the neighbourhood of θ, i.e.
Im[Tr(Ex∂θ(Lθρθ))] = Im[Tr(ExLθρθLθ)] = 0, (A9)
for all x, which is always true. Therefore Eq. (A8) is a necessary and sufficient condition for a POVM {Ex} to be
QCRB-saturating.
To eliminate λx in Eq. (A8), one may first rewrite it via vectorization:
(E1/2x ⊗ I)|ρ1/2θ 〉〉 = λx(E1/2x ⊗ I)|Lθρ1/2θ 〉〉, (A10)
where |A〉〉 = ∑ij 〈i|A|j〉 |i〉 |j〉. Note that
|v〉〉 = λ|w〉〉, λ ∈ R. ⇐⇒ |v〉〉〈〈w| − |w〉〉〈〈v| = 0. (A11)
It means that Eq. (A10) is equivalent to
(E1/2x ⊗ I)
(
|ρ1/2θ 〉〉〈〈Lθρ1/2θ | − |Lθρ1/2θ 〉〉〈〈ρ1/2θ |
)
(E1/2x ⊗ I) = 0. (A12)
Assuming ρθ =
∑
k pθ,k |ψθ,k〉 〈ψθ,k| (pθ,k > 0), Eq. (A8) is simplified to
E1/2x MijE
1/2
x = 0, ∀i, j, x. (A13)
8where Mij = |ψθ,i〉 〈ψθ,j |Lθ − Lθ |ψθ,i〉 〈ψθ,j |, or we can also write
〈E(k)x |Mij |E(`)x 〉 = 0, ∀i, j, k, `, x. (A14)
where {E(k)x } a basis of the support of Ex. In particular, for projective measurements {Ex = |Ex〉 〈Ex|}, Eq. (A8)
becomes
〈Ex|Mij |Ex〉 = 0, ∀i, j, x. (A15)
When ρθ = |ψθ〉 〈ψθ| is pure and p0 = 1, the necessary and sufficient conditon becomes
〈E(k)x |M00 |E(`)x 〉 = 0, ∀k, `, x, (A16)
where M00 = |ψθ〉 〈ψθ|Lθ − Lθ |ψθ〉 〈ψθ|.
When ρθ = pθ |ψ0〉 〈ψ0|+ (1− pθ) |ψ1〉 〈ψ1| where |ψ0,1〉 is independent of θ, the necessary and sufficient condition
becomes
〈E(k)x |ψ0〉 〈ψ1|E(`)x 〉 = 0, ∀k, `, x, (A17)
because M00 = M11 = 0 and M01 = −M†10 = − ∂θpθpθ(1−pθ) |ψ0〉 〈ψ1|.
Appendix B: QCRB-saturating LOCC
We first prove a lemma which will become quite useful in constructing QCRB-saturating LOCC:
Lemma 1. Any finite-dimensional complex traceless matrix M can be zero-diagonalized by an orthonormal basis
{|ui〉}, where “zero-diagonalization” means 〈ui|M |ui〉 = 0 for all i.
Proof. We only need to prove any two traceless Hermitian matrices M1 and M2 can be simultaneously zero-
diagonalized. We first consider the case where d = 2, i.e. M1 and M2 are 2-by-2 traceless Hermitian matrices.
Let
Mk =
(
ak bke
iφk
bke
−iφk −ak
)
, (B1)
k = 1, 2, and
U =
(
cosβ − sinβeiα
sinβe−iα cosβ
)
. (B2)
Then U†MkU has zero diagonal elements is equivalent to
ak(cos
2 β − sin2 β) = −2bk cosβ sinβ cos(α− φk) (B3)
⇐⇒ cot 2β = − bk
ak
cos(α− φk), k = 1, 2. (B4)
It can be solved by first finding α satisfying b1a2 cos(α−φ1) = b2a1 cos(α−φ2) and then solving β using the equation
above. For higher dimension, Lemma 1 can be proven by induction. Suppose Lemma 1 holds for d ≤ d¯. Then when
d = d¯ + 1, we only need to find some |v〉 such that 〈v|M1|v〉 = 〈v|M2|v〉 = 0. The rest follows by the induction
assumption by simultaneouly diagonalizing M1 and M2 in the d¯ dimensional orthogonal subspace perpendicular to
|v〉. Now we prove the existence of |v〉. Without loss of generality, we assume M1 6= 0 is diagonal,
M1 =
(
Λ1 0
0 Λ2
)
, (B5)
where we divide the Hilbert space into the direct sum of two subspaces and put M1 in a block-diagonal form such
that Λ1  0 and Λ2 ≺ 0. Meanwhile,
M2 =
(
Σ1 B
B† Σ2
)
. (B6)
We can always rescale M2 such that one of the following situations occurs:
9(a) Tr(Λ1) = Tr(Σ1) > 0 and Tr(Λ2) = Tr(Σ2) < 0. Then by the induction assumption, there are |v1〉 and |v2〉, s.t.
〈v1|Λ1|v1〉 = 〈v1|Σ1|v1〉 > 0, (B7)
〈v2|Λ2|v2〉 = 〈v2|Σ2|v2〉 < 0. (B8)
Let |v〉 = cosβ |v1 ⊕ 0〉+ sinβe−iα |0⊕ v2〉, we have
〈v|M1|v〉 = cos2 β 〈v1|Λ1|v1〉+ sin2 β 〈v2|Λ2|v2〉 , (B9)
〈v|M2|v〉 = cos2 β 〈v1|Σ1|v1〉+ sin2 β 〈v2|Σ2|v2〉+ 2 cosβ sinβRe[e−iα 〈v1|B |v2〉]. (B10)
Clearly, there is a solution (α, β), s.t. 〈v|M1|v〉 = 〈v|M2|v〉 = 0.
(b) Tr(Σ1) = Tr(Σ2) = 0. Then by the induction assumption, there are |v1〉 and |v2〉, s.t.
〈v1|Λ1|v1〉 > 0, 〈v1|Σ1|v1〉 = 0, (B11)
〈v2|Λ2|v2〉 < 0, 〈v2|Σ2|v2〉 = 0. (B12)
Let |v〉 = cosβ |v1 ⊕ 0〉+ sinβe−iα |0⊕ v2〉, we have
〈v|M1|v〉 = cos2 β 〈v1|Λ1|v1〉+ sin2 β 〈v2|Λ2|v2〉 , (B13)
〈v|M2|v〉 = 2 cosβ sinβRe[e−iα 〈v1|B |v2〉]. (B14)
Clearly, there is a solution (α, β), s.t. 〈v|M1|v〉 = 〈v|M2|v〉 = 0.
Lemma 1 is then proved.
To find a QCRB-saturating LOCC, we only need to find an orthonormal basis which has the structure Ex1,...,xn =
Es1x1 ⊗ Es2x1,x2 ⊗ · · · ⊗ Esnx1,...,xn and satisfy 〈Ex1,...,xn |M |Ex1,...,xn〉 = 0 as well. It can be constructed by the following
procedure:
(1) Find an orthonormal basis {|Es1x1〉}dim s1x1=1 which zero-diagonalizes Ms1 = Trs2···sn(M), i.e. 〈Es1x1 |Ms1 |Es1x1〉 = 0 for
all x1.
(2) Find an orthonormal basis {|Es2x1,x2〉}dim s2x2=1 which zero-diagonalizes Ms2x1 = Trs3···sn 〈Es1x1 |M |Es1x1〉.
(3) Find an orthonormal basis {|Eskx1,...,xk〉}dim skxk=1 which zero-diagonalizes
Mskx1,...,xk−1 = Trsk+1···sn 〈Esk−1x1,...,xk−1 | · · · 〈Es1x1 |M |Es1x1〉 · · · |Esk−1x1,...,xk−1〉 (B15)
till k = n.
Then one can easily verify
Ex1,...,xn = E
s1
x1 ⊗ Es2x1,x2 ⊗ · · · ⊗ Esnx1,...,xn (B16)
is QCRB-saturating, where
Eskx1,...,xk = |Eskx1,...,xk〉 〈Eskx1,...,xk | . (B17)
Note that the proof of Lemma 1 is constructive. It means the QCRB-saturating LOCC can be calculated directly
from matrix M .
Appendix C: LOCC is not sufficient to saturate the QCRB for arbitrary quantum states
Here we provide an example where LOCC cannot saturate the QCRB. We use the fact that the four Bell states
cannot be distinguished from each other using LOCC [48]. Consider the following two-qubit quantum state
ρθ = θρ1 + (1− θ)ρ2, (C1)
10
where
ρ1 =
2
3
|β1〉 〈β1|+ 1
3
|β2〉 〈β2| , (C2)
ρ2 =
1
3
|β1〉 〈β1|+ 2
3
|β3〉 〈β3| , (C3)
where {|βi〉}i=1,2,3,4 are the Bell states (we don’t care about the order of the labels). The SLD operator is
Lθ =
1
1 + θ
|β1〉 〈β1|+ 1
θ
|β2〉 〈β2|+ −1
(1− θ) |β3〉 〈β3| , (C4)
whose coefficients of |βi〉 〈βi| are all different. Therefore {Mij} in Eq. (A13) contains terms proportional to |βi〉 〈βj |
for all i 6= j. If there is an LOCC such that Eq. (A13) is satisfied, then
E1/2x |βi〉 〈βj |E1/2x = 0, ∀i, j, x, (C5)
which means that for all x there is at most one j such that 〈βj |Ex |βj〉 is non-zero, contradicting the fact that the
four Bell states cannot be distinguished from each other using LOCC. Therefore, LOCC cannot saturate the QCRB
for ρθ.
Appendix D: Distinguishing two orthogonal quantum states
In Ref. [49], the distinguishability of two multipartite orthogonal states {|ψ0,1〉} via LOCC is shown by writing
them as
|ψ0〉 =
∑
(x1,...,xn)∈s0
αx1,...,xn |x1〉 · · · |xn〉x1,...,xn−1 , (D1)
|ψ1〉 =
∑
(x1,...,xn)∈s1
αx1,...,xn |x1〉 · · · |xn〉x1,...,xn−1 , (D2)
where xk ∈ [dim(sk)], s0 ∩ s1 = ∅, αx1,...,xn are probability amplitudes and 〈xk|x′k〉x1,...,xk−1 = δxk,x′k . As we can see,
it is equivalent to the QCRB-saturating condition for rank-two mixed states with fixed eigenbasis |ψ0,1〉,
〈Ex|ψ0〉 〈ψ1|Ex〉 = 0, for all |Ex〉 . (D3)
The LOCC measurement basis |Ex〉 corresponds to |x1〉 |x2〉x1 · · · |xn〉x1,...,xn−1 .
For pure states, the QCRB-saturating condition is
Im[〈Ex|ψθ〉 〈ψ⊥θ |Ex〉] = 0, (D4)
which is easier to satisfy than the distinguishability condition of |ψθ〉 and |ψ⊥θ 〉,
〈Ex|ψθ〉 〈ψ⊥θ |Ex〉 = 0. (D5)
In Appx. E, we will show the remaining degree of freedom can be used to make the LOCC protocol noise resilient.
Appendix E: Noise resilience
First, consider the following noisy quantum state ρθ = (1−) |ψθ〉 〈ψθ|+σθ where  1 and σθ is a density matrix.
When  = 0, we proved in Appx. A that a projective measurement {|Ex〉 〈Ex|} is QCRB-saturating if and only if
〈Ex|M |Ex〉 = 0, (E1)
where M = |ψθ〉 〈ψθ|Lθ − Lθ |ψθ〉 〈ψθ| is a traceless skew Hermitian matrix. According to Lemma 1, one can si-
multanously zero-diagonalize two traceless Hermitian matrices, we still have one degree of freedom left. If we define
M ′ = |ψθ〉 〈ψθ| − σθ then we can find an LOCC satisfying
〈Ex|M |Ex〉 = 〈Ex|M ′ |Ex〉 = 0. (E2)
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Then under above LOCC, the probability distribution Px(θ) = Tr(Exρ

θ) satisifies
F ({Px(θ)})
=
∑
x
〈Ex|∂θρθ|Ex〉2
〈Ex|ρθ|Ex〉
≥
∑
x
(1− )2 〈Ex|∂θ(|ψθ〉 〈ψθ|)|Ex〉2
|〈Ex|ψθ〉|2
−
∑
x
2(1− ) |〈Ex|∂θ(|ψθ〉 〈ψθ|)|Ex〉| |〈Ex|∂θσθ|Ex〉|
|〈Ex|ψθ〉|2
≥ (1− )2J(|ψθ〉)− 2(1− )
√
J(|ψθ〉)J(σθ).
(E3)
That is, the LOCC measurement is noise-resilient in the sense that
J(|ψθ〉)− F ({Px(θ)})
J(|ψθ〉) ≤ O
(
 ·max
{
1,
√
J(σθ)
J(|ψθ〉)
})
. (E4)
Now we consider a quantum state ρθ = pθ |ψ0〉 〈ψ0| + (1 − pθ) |ψ1〉 〈ψ1| and the noisy one ρθ = (1 − )ρθ + σθ.
When  = 0, we proved in Appx. A that a projective measurement {|Ex〉 〈Ex|} is QCRB-saturating if and only if
〈Ex|M |Ex〉 = 0, (E5)
where M = |ψ0〉 〈ψ1|. We now analyze the performance of {|Ex〉 〈Ex|} under influence of noise.
First, we note that
J(ρθ) =
(∂θpθ)
2
pθ(1− pθ) (E6)
and one obvious choice of QCRB-saturating measurement is projective measurement on |ψ0,1〉. Using our LOCC
measurement, the probability distribution Px(θ) = Tr(Exρ

θ) satisifies
F ({Px(θ)}) =
∑
x
(
(1− ) 〈Ex|∂θρθ|Ex〉+  〈Ex|∂θσθ|Ex〉
)2
(1− ) 〈Ex|ρθ|Ex〉+  〈Ex|σθ|Ex〉
≥
∑
x
(1− )2 〈Ex|∂θρθ|Ex〉2
(1− ) 〈Ex|ρθ|Ex〉+  〈Ex|σθ|Ex〉 −
√
2(1− )
√
J(ρθ)J(σθ)
≥ (1− )J(ρθ)− 
∑
x
〈Ex|∂θρθ|Ex〉2 〈Ex|σθ|Ex〉
〈Ex|ρθ|Ex〉2
−
√
2(1− )
√
J(ρθ)J(σθ)
≥ (1− )J(ρθ)− max|Ex〉
〈Ex|∂θρθ|Ex〉2
〈Ex|ρθ|Ex〉2
−
√
2(1− )
√
J(ρθ)J(σθ)
= (1− )J(ρθ)− J(ρθ) max
{1− pθ
pθ
,
pθ
1− pθ
}
−
√
2(1− )
√
J(ρθ)J(σθ),
(E7)
where we use 〈Ex|ψ0〉 〈ψ1|Ex〉 = 0 in the last step. We have
J(ρθ)− F ({Px(θ)})
J(ρθ)
≤ O( ·max
{1− pθ
pθ
,
pθ
1− pθ
}
) +O
(√
 ·
√
J(σθ)
J(|ψθ〉)
)
. (E8)
Note that the proof for rank-two mixed states does not use any property of our LOCC protocol and therefore applies
to all QCRB-saturating projective measurements for ρθ.
Appendix F: An example of the LOCC protocol
Here we demonstrate our LOCC protocol by considering an open boundary Hamiltonian in a four-qubit system
H = θ
3∑
i=1
σx,siσx,si+1 , (F1)
12
where σx,i is the Pauli-X matrix acting on the i-th qubit and a Dicke state input
|ψin〉 = 1
2
(|1000〉+ |0100〉+ |0010〉+ |0001〉). (F2)
The parameter we want to estimate is the Hamiltonian strength θ which is encoded in |ψθ〉 through |ψθ〉 = e−iH |ψin〉
after unit time evolution. Numerical search suggests that there is no QCRB-saturating LM and LOCC is necessary.
As shown in Fig. 2, we demonstrate our LOCC protocol by directly calculating a set of QCRB-saturating LOCCs for
θ ∈ [0, pi4 ]. The tree structure illustrates the choice of measurement basis for qubit sk dependent on the results from{s1, . . . , sk−1} via classical communitation.
The LOCC protocol illustrated in Fig. 2 is not unique and there could be other LOCCs that are also QCRB-
saturating due to remaining degrees of freedom. In addition, we have generated the measurement basis assuming
depolarizing noise ρθ = (1− ) |ψθ〉 〈ψθ|+ 16I, meaning the measurement would be noise-resilient if the quantum state
is influenced by depolarizing noise.
0 1
0
0
0
0 0 01 1 1 1
1 1
𝜃 = 0 𝜃 = 𝜋4
FIG. 2. Plotting the LOCC measurement basis for each qubit on a Bloch sphere in a four-qubit system described by Eq. (F1)
and Eq. (F2). The eigenstates of Pauli matrices |0, 1〉, |±〉 and |L,R〉 = |0〉±i|1〉√
2
are labeled on the Bloch sphere. Columns
from top to bottom each represent measurement on qubit s1, s2, s3, s4 and arrows represent how the measurement basis should
be chosen based on previous measurement results x = 0, 1. The measurement basis is represented by a point on the surface of
the Bloch sphere which corresponds to x = 0. The color indicates the value of Hamiltonian strength θ ∈ [0, pi
4
]. Note that the
measurement on first qubit does not change with time because M s1 = Trs2...s4(M) and Trs2...s4(|ψθ〉 〈ψθ| − 116I) are always
proportional to σz.
Appendix G: LM is not sufficient to saturate the QCRB for multipartite systems
Here we want to show LM is not sufficient to saturate the QCRB for sufficiently large n in general sensing scenarios,
where n is the number of subsystems. Consider Hilbert space H⊗n where dimH = d. Suppose there is a projective
LM {|Eskki 〉 , i ∈ [d]}nk=1 where [d] = {1, 2, . . . , d}, satisfying(
n⊗
k=1
〈Eskki |
)
M
(
n⊗
k=1
|Eskki 〉
)
= 0, for all {ki} ∈ [d]n. (G1)
Here we only need to consider projective measurement according to the following lemma:
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Lemma 3. Suppose
∑
xEx = Id, Ex is Hermitian and non-negative where Id means the d× d identity matrix. There
is an orthonormal basis {|E(i)〉}di=1 such that for any |E(i)〉 there is a Ex such that |E(i)〉 is in the support of Ex.
Proof. We prove the lemma for a stronger condition
∑
xEx  Id where X  Y means X − Y is non-negative. It
is obvious true when d = 2. Suppose the lemma holds up to (d − 1)-dimensional case, consider d-dimensional case.
Choose a random Ex0 and an orthonormal basis {|E(i)〉}d
′
i=1 of the support S of Ex. Let P be the projection onto the
orthogonal complement S⊥ of S. Then
P
∑
x 6=x0
Ex
P  P. (G2)
We can find the rest of the basis {|E(i)〉}di=d′+1 in S⊥ by induction.
We first consider case (i) when the probing state is pure, then if we define |ψ⊥θ 〉 = (1− |ψθ〉 〈ψθ|) |∂θψ〉,
M = |ψθ〉 〈ψ⊥θ | − |ψ⊥θ 〉 〈ψθ| . (G3)
Suppose H⊗n = H1⊗H2 where H1 = H⊗m with m ≤ n/2. Then the reduce matrix Mr = TrH2(M) after tracing out
H2 could be an arbitrary traceless anti-Hermitian matrix (up a real factor) by choosing
|ψθ〉 = 1√
dm
dm∑
i=1
|i〉H1 |i〉H2 , (G4)
|ψ⊥θ 〉 =
1√
Tr(−M2r )
dm∑
i,j=1
Mr,ij |i〉H1 |j〉H2 . (G5)
Mr has to satisfy (
m⊗
k=1
〈Eskki |
)
Mr
(
m⊗
k=1
|Eskki 〉
)
= 0, for all {ki} ∈ [d]m. (G6)
Note that the degree of freedom of an arbitrary traceless anti-Hermitian matrix Mr is d
2m − 1. But the degree of
freedom for matrices satisfying Eq. (G6) is only d2m − dm + md2 which is smaller than d2m for large enough m.
Here md2 is due to local freedoms in choosing the measurement basis. Therefore Eq. (G6) could not be satisfied for
arbitrary Mr, that is, Eq. (G1) could not be satified for all possible M . For case (ii), the same argument holds if we
replace |ψθ〉 and |ψ⊥θ 〉 above with |ψ0〉 and |ψ1〉.
Appendix H: LM is QCRB-saturating for bipartite pure states
Here we prove LM is QCRB-saturating for arbitrary bipartite pure states by proving the following lemma:
Lemma 2. For all A,B ∈ Cd1×d2 satisfy Tr(A†B) = 0. There are unitaries U and V such that C = U†AV ,
D = U†BV satisfying CijD∗ij = C
∗
ijDij for all i, j.
Without loss of generality, we assume d1 ≥ d2. Using Lemma 1, we find V be the unitary matrix such that
V †B†AV − V †A†BV (H1)
is zero-diagonal. Then we only need to prove the following lemma:
Lemma 2’. A,B ∈ Cd1×d2 and B†A − A†B is zero-diagonal. There is a unitary U such that C = U†A, D = U†B
satisfying CijD
∗
ij = C
∗
ijDij for all i, j.
Proof. We have {|i〉}d2i=1 such that
〈i| (B†A−A†B) |i〉 = 0, ∀i. (H2)
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We only need to find {|φj〉}d1j=1 such that
〈φj |
(
B |i〉 〈i|A† −A |i〉 〈i|B†) |φj〉 = 0, ∀i, j. (H3)
Using the fact that B |i〉 〈i|A† − A |i〉 〈i|B† is traceless and anti-Hermitian for all i, we can show by induction that
we only need to find one |φ〉 such that
〈φ|Ai |φ〉 = 0, ∀i, (H4)
where Ai := B |i〉 〈i|A† −A |i〉 〈i|B†.
We want to find |φ〉 such that 〈φ|Ai|φ〉 = 0 for all rank-two traceless anti-Hermitian matrices {Ai}d2i=1. First, note
that dim(supp(A1)) = 2 and we choose a unit vector |e1〉 ∈ supp(A1) such that
〈e⊥1 |A1 |e⊥1 〉 = 0, (H5)
where |e⊥1 〉 is the unique unit vector orthogonal to |e1〉 in supp(A1). Let Π1 = 1−|e1〉 〈e1|, choose |e2〉 ∈ supp(Π1A2Π1)
such that
〈e⊥2 |Π1A2Π1 |e⊥2 〉 = 0, (H6)
where |e⊥2 〉 is the unit vector orthogonal to |e2〉 in supp(A2). Such vector |e⊥2 〉 always exists because Π1A2Π1 is always
non-positive in a 2-dimensional support (Π1A2Π1 = |α〉 〈β|− |β〉 〈α| for some |α〉 and |β〉, but they are not necessarily
orthogonal to each other). Clearly, we also have
〈e⊥2 |A1,2 |e⊥2 〉 = 0. (H7)
Iteratively, we let Πi = 1−
∑i
k=1 |ei〉 〈ei| and choose |ei+1〉 ∈ supp(ΠiAi+1Πi) such that
〈e⊥i+1|ΠiAi+1Πi |e⊥i+1〉 = 0, (H8)
where |e⊥i+1〉 is the unit vector orthogonal to |ei+1〉 in supp(Ai+1). Do this iteratively, we claim that |e⊥d2〉 is the |φ〉 we
need. Note that here we have assumed dim(supp(ΠiAi+1Πi)) = 2 for all i = 1, · · · , d2−1—if dim(supp(ΠiAi+1Πi)) <
2, we extend the support to an arbitrary two-dimensional subspace containing the original one.
Appendix I: Some sufficient conditions to find QCRB-saturating LM
Now we present several conditions that guarantees the existence of QCRB-saturating LM, as a detailed justification
and further extension of the discussion in main text.
(1) Pure product states. For pure states, Eq. (5) is satisfied if
〈Ex|(|ψθ〉 〈ψθ|Lθ − Lθ |ψθ〉 〈ψθ|)|Ex〉 = 0. (I1)
For separable pure states
|ψθ〉 =
n⊗
k=1
|ψskθ 〉 , (I2)
Eq. (I1) is satisfied when |Ex〉 is taken to be tensor products of |ψskθ 〉 and any other state orthogonal to it in sk. And
this type of measurement is local. Eq. (I2) often happens when we have an initial separable pure state input which
is measured after a infinitely small probing time. In this case, |ψθ〉 = e−iHt |ψin〉, where H = θh is the Hamiltonian
and the probing time t 1. For pure quantum states |ψθ〉 = e−ihθt |ψin〉 where the Hamiltonian H = θh,
M = t2(h |ψθ〉 〈ψθ|+ |ψθ〉 〈ψθ|h− 2 〈ψθ|h|ψθ〉 |ψθ〉 〈ψθ|). (I3)
Then according to Eq. (I3), |ψθ〉 ≈ |ψin〉, the necessary and sufficient condition is
〈Ex| (h |ψin〉 〈ψin|+ |ψin〉 〈ψin|h− 2(〈ψin|h |ψin〉) |ψin〉 〈ψin|) |Ex〉 = 0, (I4)
which can be satisfied for arbitrary Hamiltonian as long as |ψin〉 is separable.
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(2) Superposition of two eigenstates of the Hamiltonian. Consider |ψθ〉 = e−ihθ |ψin〉. We write the quantum state
as a superposition of eigenstates of H = θh, i.e. |ψin〉 =
∑
i αi |ei〉, where h |ei〉 = ei |ei〉. Then the necessary and
sufficient condition becomes
〈Ex|M |Ex〉 = 2
∑
ij
(ei − e¯)Re[e−i(ei−ej)θαiα∗j 〈Ex|ei〉 〈ej |Ex〉] = 0, (I5)
where e¯ = 〈ψθ|H|ψθ〉 =
∑
k |αk|2 ek is the expectation value of energy. Consider two-level quantum states
|ψin〉 = α0 |e0〉+ α1 |e1〉 (I6)
where |α0| = |α1| = 1√2 . Eq. (I5) can be simplified to
〈Ex|e0〉 〈e0|Ex〉 = 〈Ex|e1〉 〈e1|Ex〉 , (I7)
which in some cases can be easily satisifed using LM. For example when |e0〉 and |e1〉 are product states, i.e. |e0〉 =⊗n
i=1 |esk0 〉 and |e1〉 =
⊗n
i=1 |esk1 〉, we can choose |Ex〉 =
⊗n
i=1 |Exk〉 such that∣∣ 〈esk0 |Exk〉 ∣∣2 = ∣∣ 〈esk1 |Exk〉 ∣∣2, (I8)
which is guaranteed to exist according to Lemma 1. For example, when |e0 = n〉 = |0〉⊗n, |e1 = −n〉 = |1〉⊗n and
H =
∑n
i=1 σ
z,si , one can simply choose |Ex〉 to be tensor products of |±〉, satisfying Eq. (I7). This is exactly the
optimal measurement proven to be QCRB-saturating in phase estimation in earlier work [1]. For another example,
we can consider a four-qubit system evolving under a nearest-neighbour coupling
H =
4∑
i=1
σx,siσx,si+1 , (I9)
where si+4 = si and a Dicke state input
|ψin〉 = 1
2
(|1000〉+ |0100〉+ |0010〉+ |0001〉). (I10)
Though it is not obvious, but |ψin〉 again is a two-level quantum state |ψin〉 = 1√2 (|e0〉+ |e1〉), where
|e0 = 0〉 = 1√
2
(|++++〉 − |−−−−〉), (I11)
|e1 = 4〉 = sym
[ 1√
2
(|−+++〉 − |+−−−〉)
]
. (I12)
and here sym[·] is the symmetrization operator meaning averaging over all possible permutations. From Eq. (I7),
one can check that projections onto basis |0, 1〉 for each qubit is QCRB-saturating, though this observation does not
generate to more than four qubits.
For an unevenly distributed two-level quantum state (|α0| 6= |α1|), Eq. (I7) is not a sufficient condition for a
measurement to be QCRB-saturating. But for the two examples above when the quantum state is unevenly distributed,
we are able to obtain QCRB-saturating LM. In the GHZ-state example, we observe that local projective measurement
onto eigenstates of ei
β
2nσ
z
σxe−i
β
2nσ
z
for every qubit where β = pi2 − arg[α0α∗1e−i2nθ] is QCRB-saturating, by smartly
manipulating the phase to make off-diagonal term vanish. In the four-qubit example, we observe that local projective
measurement onto eigenstates of ei
β
2 σ
z
σxe−i
β
2 σ
z
for every qubit where β = arctan
[
γ +
√
1 + γ2
]
and γ = (| α12α0 | −| α02α1 |) sin(4θ + arg[α0α∗1]) is QCRB-saturating, by utilizing symmetries in |e0,1〉. However, it is not clear how to find
these basis in general.
(3) The probing state and the Hamiltonian have certain symmetry. Suppose there exists a Hermitian and unitary
operator S =
⊗n
k=1 S
sk such that |ψθ〉 is its eigenstate and S anticommutes with H. Then 〈ψin|H|ψin〉 = 0 and if we
choose |Ex〉 to be eigenstates of S,
〈Ex|M |Ex〉 = 〈Ex|SMS|Ex〉 = −〈Ex|M |Ex〉 (I13)
would be zero, saturating the QCRB. Again, this often happens for a small probing time as the symmetry may
not holds true after arbitrary long evolution. A good example is |ψin〉 = 1√2 (|0〉
⊗n
+ |1〉⊗n), S = ⊗nk=1 σx,sk and
H =
∑n
k=1 σ
z,sk . Other examples include using a eigenstate of a Kitaev chain with symmetry S =
⊗n
k=1 σ
z,sk as
the probing state and Hamiltonian H =
∑n
k=1 σ
x,sk [60, 61]. Note that this only works when the probing time t in
|ψθ〉 = e−ihθt |ψin〉 is sufficiently small, as the symmetry may not holds for arbitrary t.
16
(4) |ψ0,1〉 and the Hamiltonian have certain symmetry. If |ψ0〉 and |ψ1〉 are eigenstates of S with different eigenvalues.
Then
〈Ex|ψ0〉 〈ψ1|Ex〉 = −〈Ex|ψ0〉 〈ψ1|Ex〉 (I14)
is zero. Projection onto eigenstates of S is again QCRB-saturating. A simple example is when |ψ0,1〉 = 1√2 (|0〉
⊗n ±
|1〉⊗n), we can choose S = ⊗nk=1 σx,sk where σx is the Pauli-X matrix and projection onto |±〉 = 1√2 (|0〉 ± |1〉) is
QCRB-saturating.
(5) For Hamiltonians with a special structure, we can still find a QCRB-saturating LM for arbitrary probing time
(unlike in (1) and (3)), as long as the initial quantum state is separable. Consider
H = θ
∑
i
αihi = θh (I15)
where αi ∈ R and Hi is a tensor product of Pauli matrices. Suppose the initial quantum state |ψin〉 is separable, then
Eq. (I3) becomes
〈Ex| e−ihθ(h |ψin〉 〈ψin|+ |ψin〉 〈ψin|h− 2 〈ψin|h|ψin〉 |ψin〉 〈ψin|)eihθ |Ex〉 = 0. (I16)
Furthermore, we assume |ψin〉 = |0〉⊗n since we can always transform H unitarily to make it happen. We represent
Hi using a n-bit string si by letting the jth bit of si be zero if the jth Pauli matrix is I or σ
z; and one if the jth
Pauli matrix is σx,y. We claim that projection onto |0〉 and |1〉 for each qubit is QCRB-saturating as long as {si} are
linear independent on Z2, that is,
∑
i bisi = 0
n implies bi = 0 for all i. Let |Ex〉 be products of |0〉 and |1〉, first we
notice that
〈ψin|h|ψin〉 = 0 (I17)
because si 6= 0 for all i, eliminating the last term in Eq. (I16). Next, we observe that Eq. (I16) can be decomposed
into terms like
〈Ex|hi1 · · ·him |ψin〉 〈ψin|hj1 · · ·hjm′ |Ex〉 (I18)
where m+m′ is odd because when m+m′ is even it is always multiplied by ±i which cancels each other out. Then
Eq. (I18) has to be zero due to the linear independency of si. An example for this type of Hamiltonian and product
state input is when H is the open boundary Hamiltonian
H =
n−1∑
i=1
σx,siσx,si+1 (I19)
and the input is |0〉⊗n.
